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Chapter 5: NORMAL THEORY
MAXIMUM LIKELIHOOD

Here in Chapter 5 we discuss Normal-theory methods of identifying which shrinkage regression
coefficient estimates are most likely to have optimal mean-squared-error, i.e. which set of
shrinkage factors are most likely to be the target values, 6iMSE, of equation { 4.6} for

1 <i < R. Of course, once you have located the extent of shrinkage most-likely-to-be-optimal,
you still have the option of limiting shrinkage using the “(2/R)ths Rule-of-Thumb" (defined in
Section 84.2) and thus maximizing (in some weaker sense) the likelihood of ending up with an
estimator that has good multivariate mean-squared-error characteristics.

The first three sections of Chapter 5 explore methods for classical (fixed-coefficient) linear
models. Section 85.1 gives a brief review of the relatively well-known unrestricted maximum
likelihood theory under which least-squares regression coefficients are BLUE (Best Linear
Unbiased Estimates) Section 85.2 starts our exploration of methods for statistical inference
concerning shrinkage by first defining the “likelihood" that any given amount of shrinkage yields
optimal mean-squared-error and by then deriving its maximum, as in Obenchain(1975). In
Section 85.3, we develop a closed-form expression for the shrinkage estimator most likely to
attain minimal mean-squared-error within the 2-parameter generalized shrinkage family, as in
Obenchain(1981).

The last two sections of Chapter 5 explore models with random (stochastic) coefficients.
Section 85.4 reviews Henderson's BLUP (Best Linear Unbiased Prediction) theory for “mixed"
models (containing both fixed and random coefficients.) In practical applications, maximum
likelihood estimates of mixed model coefficients usually end up being neither “linear” nor
“unbiased”. After dl, just as in purely fixed-coefficient formulations, optimal estimates for
random-coefficient models depend upon unknown parameters which, when estimated from the
data at hand, yield operational analogs that are non-linear and biased. Section 85.5 develops
much more detailed results on maximum likelihood estimation for the specia case of purely-
random models with a single variance component, as in Golub, Heath, and Wahba(1979) and
Shumway(1982).

5.1 Unrestricted Maximum Likelihood and BLUE Theory

As we saw in Chapter 2, the genera linear model is commonly stated using the pair of
vector/matrix equations: E(y [ X) = 1u + X 8andV(y|X) = o2 1. These are equations
{21} and { 2.2}, i.e. before the response vector, y, and the regressor matrix, X, are
“centered” by subtracting off column means. As before, 5 is the column vector of unknown
regression coefficients, p is the unknown y intercept (the expected response corresponding to a

Shrinkage Regression: Maximum Likelihood Chapter 5, Page 2



null row of X), and 2 is the unknown residual variance. Under Normal-distribution-theory, the
joint likelihood function for 11, 3 and o2 isthen

L(p, 3, 0.2) _ (ZWUZ)_N/Z e—u2/20-2' {51}
where U2 is the quadratic form

P o= (y —1u—XB)T(y - 1u - XB). {52}

Also as before, we will usey andX T to represent be the mean values of the original response
values and regressor combinations, respectively. This allows us to decompose U2 into a sum of
two terms, thereby isolating the contributions to U? resulting from coordinates parallel to the 1
vector from those contributions from coordinates orthogonal to the 1 vector. Returning now to
the convention that the y vector and the X matrix have been “centered”, as in Section 8§82.1,
equations{ 2.3} and{ 2.4}, we can rewrite equation { 5.2} as

W= (Y —p-XB)P2+(y—- X5 (y-Xp). {53}

For any estimate ﬁ of 3, the first term in the above expression for u? can always be made to

vanish smply by teking o =7y — xTﬁ As a result, we can drop p from further explicit
consideration and view the likelihood as really being afunction of only the 3 and o2 estimates.

It iswell known that the global, unrestricted maximum of L( 3, 2 ) isthen achieved at
L(b°,52) = (2re5?)~N/2 {54}

where b°® = X*y = G cisthe least squares estimator of 3 [asin equation{ 2.6}] and N - 52
= yTy- (1-R?) is the minimum value for 12 of equation { 5.3}. In other words, the vector of
ordinary least squares coefficients, b°, is the maximum-likelihood estimator of the unknown,
true 3 vector under Normal-distribution theory. Note that the maximum-likelihood estimator of
o2, namey 52 = yTy- (1-R2) / N, islarger than the usual unbiased estimator [s2 of equation
{ 2.22}] by amultiplicative factor of [N/ (N — R— 1) ] . Although these results are quite well
know, we will now review a derivation of { 5.4 } to illustrate some of the techniques we will
also usein Section 8§5.2.

Our initial step toward maximizing the Normal-theory likelihood of equation { 5.1} will beto
minimize ¥ = (y — X 3)T(y — X3) by choice of 3[and then st i = — X153 ]
Thus note that the vector of partial derivatives of u? with respect to 3is

AWA)IOB = 2-XTX 3 — 2-XTy, {55}

while the matrix of second partial derivatives is non-negative definite

92932 = 2-XTX. {56}
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Thus any solution to (U2)/03 = 0 yiddsthe minimum valuefor 2, and 3 = b° = X'yis
always a solution to these so-called “normal equations,” XX 3=XTy .

Our fina step in maximizing the Normal-theory likelihood of equation { 5.1} is to choose the
estimator of 2. Equivalently, we can minimize the minus-twice-log-likelihood, — 2-In(L ) =
N - In(2ro2) + W¥lo2. Thefirst partia derivative isthus

l—2-In(L)]o@E2) = N - L& (57}

(722

Q

while the second partial derivativeis

92[—2-In(L)]/0(33)2 = —1- (al\zl)z +2 {58}

u2

@3
Note that 9[ — 2-In(L ) ]/0(6%) = 0 admitstwo solutions, 52 = 12/ N and 52 = +oo . But the
infinite solution can be eliminated from consideration because the second partial derivative
vanishes at this point. On the other hand, 92[ — 2-In(L ) 1/9(5%)? assumes the strictly
positive value [ N 154 ] at 52 =12/ N under the (dmost certain) condition that the minimum
sum-of-squares of residuals is strictly positive. This establishes that the maximum value for the
likelihood of equation { 5.1} isindeed givenby { 5.4}, wherei =y — X 'b°,b° = X'y
,and52 = yTy- (1-R?) /N..

The least-squares estimator, bP°, is an unbiased estimator of 3 under the usual assumption that
the given expectation equation, E(y |X) = 1u + X 3, is correct. Similarly, under the
usual assumption that the dispersion equation, V(y | X ) = o2 |, is correct, b° is also the
minimum variance estimator within the class of linear, unbiased estimators of 3. Asaresult,
b is commonly said to be the BLUE (Best Linear Unbiased Estimator) of 3. Our derivation of
equations { 5.4} through { 5.7} has actually established only that b° is the (unrestricted)
Normal-theory maximum likelihood estimator of 3 ; see Section 84a.2 of Rao(1973), pages 222-
224, for the arguments that actually establish that all linear combinations, PTh°, coincide with
the BLUE of the corresponding estimable linear combinations, P 3.

5.2 The Likelihood of Mean Squared Error Optimality

Under the assumption that our “target values' for optimal shrinkage are given by the
SMSE = 12/(y2+02)"1) factors of equation { 4.6 }, we now wish to explore methods for
identifying numerical values of shrinkage-regression-factors that are most likely to be ON
TARGET under Normal-theory. Rather than smply paraphrase the arguments given in my
papers, Obenchain(1975,1981), | use a new approach here that | hope will be somewhat easier
to follow. To minimize potential for misinterpretation, let me describe the general point-of-
view assumed below:
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(i) Unrestricted maximum likelihood estimation of the parameters of amultiple
regression model “uses up" atotal of R+2 degrees-of-freedom. The estimate b® = X*y =
G c (of the coefficient vector (3) corresponds to R degrees-of-freedom. Theestimatesi =
YV — X ThO (of they intercept 1) and 52 = y'y- (1-R2) /N (of the residual variance o-2)
use 1 degree-of-freedom each.

(i) Shrinkage regression estimation as viewed here dways ends up “using” AT LEAST

these same R+2 degrees-of-freedom. After al, shrinkage estimators are of the general form
b* = GA c, where the ¢ vector (containing the least-squares estimates of the true
uncorrelated components ~ of () again corresponds to R degrees-of-freedom. Similarly,
p* =7V —XTbX uses up 1 degree-of-freedom. The residua sum-of-squares for
shrinkage estimates, (y — X b* )T (y — X b* ), can only exceed the minimum value,
yTy- (1-R?) , attained by unrestricted maximum likelihood. This excess lack-of-fit is of no
real help in estimating the residual variance o2, so the shrinkage regression estimate of o2
“usualy" defaults back to the |east-squares estimate,
52 = yly- (1-R2) / N, with 1 degree-of-freedom.

(iif) Maximum likelihood methods for identifying minimal mean-squared-error shrinkage

may “use up" as few as only 1 or 2 more degrees-of-freedom than the minimum number,
R+2, listed above. Specifically, the elements of the diagonal matrix, A , of shrinkage
factors employed in bX = G A ¢ may be functions of only 1 or 2 parameters. (For
example, in Section 85.3, these two parameters will be Q and k; Q determines the
shape/curvature of the shrinkage path, and k determines the extent of shrinkage aong that
path.) In any case, practical applications of shrinkage regression should aways be thought
of asusing up atotal of R+3, or R+4, or perhaps even more degrees-of-freedom. After all,
they employ (restricted) estimates of A and 1 as well as unrestricted estimates of the
implied v and 2.

(iv) The minimal mean-squared-error target value for shrinkage, AMSE| is anonlinear

function of v and o2. As a result, maximum likelihood search over the HIGHLY
RESTRICTED parameter space defining shrinkage factors may “use up" as few as only 3 or
4 degrees-of-freedom. Three or four degrees-of-freedom is frequently much less than the
MINIMUM of R+2 employed in an unrestricted maximum likelihood search. The estimates
of v and o2, denoted hereby " and o* "2, that are derived within this restricted search are
usualy of very little interest in their own right. Instead, they are mere precursors that help
us identify not only the restricted A factor values most likely to be AMSE but also the
minimum value for the corresponding minus-twice-log-likelihood-ratio (restricted
likelihood divided by unrestricted likelihood.)

The Normal-theory likelihood for the uncorrelated components vector v = GT /3 and the residual
variance o2 [ evaluated, again, at n =y — X! G~] is

L(~, o2 ) = (27TO‘2)_N/2 e—u2/202’ {59}
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where U2 is the quadratic form
W = (y — HAYZ)T(y — HAY2 ), {5.10}
Now note that SMSE = 12/(y2+02\;"1) can be rewritten as

WA = o2 [(MSE (1 — 6MSE)] {511}
or, equivalently, as

N = il-a-\/éiMSE/[)\i-(l — §MSE)] {512}

In other words, knowing the numerical values of $MSE, sMSE, | sMSE would be tantamount to
knowing the RELATIVE MAGNITUDES of the ABSOLUTE VALUES of the uncorrdated
components, 1, hal, - hrl, of 5.

Equations { 5.11 } and/or { 5.12 } suggest the following FUNDAMENTAL DEFINITION for
the likelihood that any given set of numerical values for shrinkage factors, 61, 62, ..., OR,
coincide with the optimal mean-squared-error target values sMSE, §MSE -~ sMSE  This
likelihood is defined to equal the likelihood that

**

vioo= 1.0 /TN (1 - &)1, { 5.13}

where this likelihood has been maximized by choice of the R numerical signs (positive or
negative) of the corresponding uncorrelated component estimates and by choice of estimate, o™
, for the residual standard deviation. As explained above, these~;~ and ™2 estimates usually
are of little interest themselves, at least when the 6; factors have been restricted to lie within a
1- or 2-parameter shrinkage family. But { 5.13 } is the general expression that would apply
even if the 6; were totally unrestricted; see subsection 85.2.1 below for a description of the
“cubic" estimator that results in this totally unrestricted case.

Note that relationship { 5.13} alows us to rewrite the quadratic form, U? of equation
{5.10}, as

W = (y - HS¢o)T(y — HS¢a), {5.14}

where S is a diagonal matrix of signs (i.e. diagonal elements of + 1) and ¢ is the vector of
values defined by the following positive square-roots:

G=v61(1—-6), {515}

for 1 < i < R. Note, specificaly, that the resulting maximum likelihood estimator of ~ is
being restricted to be of the general form

* %

N =o™ ST/ 2 ¢ {5.16}
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whenever the shrinkage factors that define ¢ yield minimum mean-squared-error. Before
continuing, let us note that relationships{ 5.15} and { 5.16 } are well defined only when al ¢
factors are strictly less than 1; after al, 6; = 1 would imply & =+oo . In other words, the
possibility “no-shrinkage-at-all"* along any principal axis is automatically being excluded from
consideration as a potential mean-squared-error-optimal extent for shrinkage. On the other
hand, values that are (numerically) very close to 1 are not being rejected out of hand. Thus,
whenever a relatively large shrinkage factor value like ¢; = 0.95 or 0.99 is found to be “most
likely" in the sense defined below, there may be no real difference of any practical (numerical)
importance between the corresponding |east-squares and optimally-shrunken estimators.

Noting that HTH=1,S?2 =1, andy" H=/yTy-rT asin{ 2.15} and { 2.16 }, we now rewrite
w of { 510} and{ 5.14} again as

W =yly — 2. /yTy-rTS¢o™ +577 2T {517}

To minimize U2, the R numerical signsin S should be chosen to make the middle, negative term
as large as possible...assuming, of course, that theo™~ estimateis strictly positive. Clearly, the
mse=3" Fyi*Si - vV 6i /(1 — &) factor is maximized by choice of these signs when s =

sign(ryi ), yielding r' SE=3" Iryil- /6 /(1 = ).

Finding the optimal, strictly positive estimate, o, of the residual standard deviation is the
final, remaining step in minimizing the restricted minus-twice-log-likelihood.  The
corresponding partial derivatives are

% . T . Ty.
ol -2-In(L"" ) foe™ = 2N _ 2%Y .2 Vy(jig"y"g', {5.18}
and
. " T ATV S il
02 —2-In(L")1ioo™"2 = — 2N Oy AV itS g0y

Equating the first derivative to zero yields the three solutions o™~ =+c0 and

ox = Iryil& 4/ Clryil-6)% + 4N
Ty %.%m | (520}

The negative solution is of no interest; this choice would make the middle term of { 5.17 }
positive. And the infinite solution corresponds to an indeterminant second derivative of zero.
The second derivative is strictly positive at the positive solution of { 5.20 } and, thus, minimum
minus-twice-log-likelihood is achieved there, yielding:

ot = PR [Tl 624N~ Shyil- &
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2yTy . {521}
| /(Slryib)2 + 4N+ Ik |

Of course, the resulting restricted minimum of the likelihood in { 5.9 } cannot be smaller than
the unrestricted minimum, { 5.4 } . Therefore, the resulting (non-negative) minus-twice-log-
likelihood-ratio statistic will be of the form

—2-In(L™/T) = N-In(c™"215%) +£T¢ — /Yy Ylyil- & 10", {5.22}

and this statistic will have an asymptotic chi-squared distribution (as N increases to co) with
degrees-of-freedom equal to R minus the number of “free" parameters remaining among the 61,
62, ..., OR factors under any restriction that might be imposed.

5.2.1 Unrestricted Maximum Likelihood Shrinkage:
The Cubic Estimator

When no restrictions whatsoever are placed upon the é-factors, { 5.22 } will be zero and
will have zero degrees-of-freedom. To see this, note that the unrestricted maximum

likelihood estimate of sMSE = ~2/(72+52)"1) is clearly ci2/(ci2+82>\i_1) = rfli /[r§i +
(1— R?)/N] where c=GT b° is the vector of least-squares estimates for uncorrelated
components and 52 = yTy- (1-R?)/N is the least-squares residual mean square of { 5.4} .
The corresponding values of the &; terms are €i:|ryi |- /N/(1— R2) . Therefore

Shyil-§ =R VNIL—R®) and | /(Slryl- )2 +4-N=(2-R?)- /NIL— D).

In other words, the unrestricted estimates are 0“2 =52 in{ 5.21} and
4" = cin{5.16} .

The corresponding maximum-likelihood shrinkage estimator, Eici , for v would be
c3(c2+5%A~1), which is a specific nonlinear estimator of “cubic' form.
Thompson(1968), Figures 1 and 2 [pages 116 and 117], gave Normal-theory mean-squared-
error plots (computed using numerical integration) for this special form of nonlinear
estimator, where his horizontal axis was h|/o and his plotting range was unbounded (O to
00.) Dwivedi, Srivastava, and Hall(1980) and Hemmerle and Carey(1981) also study the
mean-squared-error properties of this cubic estimator. See Figure XX, Chapter 6, for a plot
of the simulated mean-squared-error-risk of the cubic estimator versus sMSE i.e. over the
finiterangefromOto 1.

5.2.2 Maximum Likelihood UNIFORM Shrinkage

Under the “uniform shrinkage”" restriction that 61 = 62 =... =R , this common shrinkage
factor canbewrittenasé =1/ (1+k). Asaresult, {1 =& =...=¢6r=v/ 60 /(1 — §) =
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k—1/2, and the value of k that minimizes { 5.22 } [with chi-square degrees-of-freedom =
R — linthelimit as n approaches o] is

K* = (1 —R-T?)/(N-T?), { 5.23}

where |r| = ( [ry1Hry2l+..+ryrl ) / R is the average of the absolute values of the principal
correlations, Obenchain(1975). The corresponding minimum minus-twice-log-likelihood-
retio is then —2.In(L™* /L) = N-In[ 1+ Ry S1, where S is the “uniform

shrinkage statistic" of Obenchain(1975) :

o _ (N-R-1)-5 (Jyl 1)’
T RD(I-R)

{ 5.24}

No derivation of equations{ 5.23 } and { 5.24 } will be given now because they are simple
specia cases [Q=1] of the general theory derived below in Section 85.3.

The corresponding restricted estimates of o and of the uncorrelated components of 5 would
be

o2 = yTy.(1 —R-TI?)/N {5.25}
and
%= YTy Ai-sgn(ryi) T .forl<i<R {5.26}

Again, these latter restricted estimates (the variance and the components) are of little real
interest. After al, the numerical value of the maximum-likelihood “common” shrinkage
factor, 6" =N-T]%/ [ 1+(N — R) -T]°] , would actualy be used in conjunction with the
UNRESTRICTED maximum-likelihood component estimates (c1, C2,...,Cr) and the
UNRESTRICTED residua variance, 32, of { 5.4}. In other words, the restricted o™ *2 and

v estimates are of interest ONLY in the sense that they help to define the minimum minus-
twice-log-likelihood-ratio viaequation{ 5.24} .

At the time of my origina publication on Norma-theory maximum likelihood methods for
shrinkage regression, Obenchain(1975), the only known closed-form solutions to the general
expressions { 5.16 } and { 5.21 } were the two special cases treated above in subsections
85.2.1 and 85.2.2. Thus, | proposed a genera technique | called likelihood monitoring for
applying equations { 5.16 } and { 5.21 } to any parametric family of generalized shrinkage
factors. This approach ssimply involves actua numerical computation of { 5.16 }, { 5.21 } and
{ 5.22 } upon alattice of numerica valuesfor 61, 62, ..., 5 . These sorts of computations can
be tedious, of course, but the vast mgjority of criteria that have been proposed for choosing a
“best" shrinkage estimator are commonly applied in this computationally-intensive fashion.

5.3 Closed Form Expressions within the 2-Parameter Family
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Within the 2-parameter family of Goldstein and Smith(1974), shrinkage factors are of the
genera form 6 = 1/(1+k- AiQ_l ) of equation { 3.8 }, where the power, Q, determines the
SHAPE/CURVATURE of the shrinkage path through likelihood space while the k factor
determines the EXTENT of shrinkage. The natural range for the k parameter is all the way from
k=0 for “no shrinkage" to the limit as k approaches +oo, where all ¢; factors are shrunken
“completely” to 0. The special case of shape Q=1 for “uniform shrinkage" was described in
subsection §85.2.2. Among the other common choices for Q described in Section 83.3 of Chapter
3 are Q=0 for “ordinary ridge regression,” Hoerl and Kennard(1970), and the limit as Q
approaches — oo for “principa components regression,” Marquardt(1970). In practical
applications to ill-conditioned regression problems where the eigenvalue spectrum of the
regressor X TX matrix is wide, values of Q outside of therange — 5 < Q < +5 rarely need to
be considered. At the other extreme, where absolutely no ill-conditioning is present because
A1=A2=..=)AR, dl values of Q would yield the same, uniform shrinkage pattern.

5.3.1 The most-likely-to-be-mse-optimal shrinkage extent, k,
for given shape/curvature.

When §; = 1/(1+k-)\iQ_1 ), the & terms of {515} are of the general form & =

VETT = 5)= /A" Ik Therefore{ 5.16} becomes
7= 20" kA (527}

There is a redundancy in { 5.27 } between k and the estimate of o that could not be fully
exploited in deriving a general expression like that given by equation { 5.21).

Let us now denote the common, unknown value of VIZAIQ =0 "2/kin{5.27} by pé :
2 =] =B == {5.28)

Equation { 5.27 } can then be rewritten as~; " == p, - Ai_Q/Q and, againusing ; = sign( ry; ),
the general residual-sum-of-squares equation of { 5.10}, { 5.14} and{ 5.17 } now becomes

@ =Yy = 2Ty g Sl MO 02 a9 (509)

The corresponding partial derivatives of U? are

PNy = —2- YTy Tyl AP 242,565 A9 15303
and
AW, = +2. A9, {531}
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Thus the minimum value of W2 clearly occurs at [W?]/0p;, = O, whichimplies

=Vyly: —Z'SAM - {532}

and
U2 =minimum(uw?) = yTy-[1 — R2-CRL2(Q)], { 5.33}

where CRL(Q) is the “curlicue" function that measures CORRELATION between the vector of
absolute values of the principal correlations and the vector of regressor singular values raised
to the (1 — Q)/2-th power. Specificaly,

Sk

yi i

Note that this correlation can also be viewed as the Cosine of the angle between the “ R-vector”
of absolute principal axis correlations and the “L-vector" of regressor eigenvalues raised to a
power determined by the path shape/curvature parameter, Q; this notation motivates the
CRL(Q) mnemonic, Obenchain(1981). [In Obenchain(1975), equation (4.6), CRL(Q) was
denoted by COS(q).]

Our final step in maximizing the restricted Normal-theory likelihood is to choose the estimator
of o"*2 given the minimum u?, which is the exact same sort of problem we treated in equations
{57} and { 5.8}. Of the two possible solutions to d[ — 2-In(L** ) ]/8(c""2) = 0, the
o""2 = +00 solution is again ruled out in favor of o2 = u""2/ N. Asaresult, the most-likely-
to-be-optimal extent of shrinkage aong the path of shape Q is given by:

_ R2. 2
2o 22 = (a1 Lo B CREQ)] {535}

[N-R%-CRLAQ)]

The corresponding minimum minus-twice-log-likelihood-ratio is then —2-In(L"* /L) =

N-In[ 1+ (I\(IRRl)l) S(Q) ], where S(Q) becomes::

_ (N=-R— 1)R2[1 CRLZ(Q)]

Note that { 5.36} agrees with equation (4.6) of Obenchain(1975), but the closed-form
expression, { 5.35 }, was unknown at that time. This most-likely-to-be-mse-optimal value of k
given Q was first derived in Obenchain(1981), equation (2.5).

5.3.2 The most-likely-to-be-mse-optimal shrinkage shape/curvature, Q.

Shrinkage Regression: Maximum Likelihood Chapter 5, Page 11



It is clear from { 5.36 } that the minimum minus-twice-log-likelihood-ratio depends upon Q
only through the curlicue function of { 5.34} :

Shb-o
CRL(Q) = Zrz'.z)\.(lfg) .
V &yi i

And it is clear from this definition that CRL(Q) cannot be made negative by choice of Q. Asa
result, S(Q) is minimized (asisu’ "2 of { 5.33}) by choice of Q by making CRL(Q) aslarge as
possible.

Before going further, perhaps we should discuss why choosing the Q-shape so as to maximize
the curlicue function represents intuitive “common sense” Notice, firdt, that the ordered
regressor eigenvalues, \1 > A\» > ... > AR > 0, will have very little influence upon CRL(Q)

whenever Q is close to +1 ...because the )\i(l_Q)/2 values are al equal to 1 at Q=+1.
Whenever the absolute values of all of the principal correlations are “nearly” equal, the angle
between the |R|-vector and the Q=+1 L-vector o 1 will be small and, thus, CRL(Q) will be

maximized at a Q value closeto +1. And Q=+1 represents uniform shrinkage, 61=62=...=0R .

Next, note that the shrinkage factors will be monotonically non-increasing, 61 > 62 > ... > 0R,
when Q is strictly less than +1 and monotonically non-decreasing, 61 < 62 < ... < ér,when Q
is strictly greater than +1. After all, these factors are being restricted to be of the functiona

form 6i=1/[1+k- 21797,

Therefore, when the “trailing" absolute principal correlations [ yRrl, [rywr-yl -] are

relatively large, CRL(Q) will tend to be maximized at values of Q greater than +1. These
are the somewhat pathological cases where the regressor coordinates that have the least
adequate spread in their numerical values are the coordinates most highly correlated with
the response.

But, when the “leading” absolute principal correlaions | [ry1], [ry2], ...] are relatively large,
CRL(Q) will tend to be maximized at values of Q less than +1. In fact, the Q that
maximizes CRL(Q) may be less than O in these cases. These are the “business-as-usua"
cases where the regressor coordinates that have the most adequate spread in their numerical
values are most highly correlated with the response. After al, thisis the strategy you would
use in a “designed experiment” ...where you would deliberately explore responses over a
relatively wide range for any/all relatively important “factors.”

In actua applications of normal-theory maximum-likelihood to ill-conditioned regression
problems, | favor considering only a limited number of possible shapes, Q . For example, my
personal computer application, RXridge, considers only integer and half-integer values within
therange —5 < Q < +5. | see no practical reason for ever considering a finer lattice of Q
shapes than, say, 0.1 (one place after the decimal) or a wider range of Q shapes than
—5< Q< +5; but this is, perhaps, mostly a matter of persona taste. Anyway, whenever a
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limited number of Q shapes are under consideration, the most straight-forward way to find the
corresponding restricted maximum of CRL(Q) is simply to compute all of these vaues ...then
pick the Q shape yielding the largest CRL(Q) value.

For those shrinkage regression practitioners who simply cannot resist the temptation to locate
“the” optimal Q shape (with great numerical precision), a Newtonian descent method for
iterative search can be used. Specifically, with Q;" denoting the best estimate of the Q that
maximizes CRL(Q) at stage s of the iteration, the update equation for step s+1 becomes

i Q1 = Qs — [CRU(Q/CRL(Q], {5.37}
where

/ R Iy pA J
for

(1-Q)
Iy AT ney)
R2=Zr§j , Hj= _2_n( ) , J= —JZ)\_(PQ) =,
]
and
R [ pypr(0-@72
CRL(Q) = 9°CRLQIQ° = 3. [:y&ﬁ A2+ 5 —kf ] ,
5.39
f < Z)\j(lfQ).an()\j) { }
or = 0
SATC

Convergence to a (possibly local) maximum of CRL(Q) requires finding a shape value Q** such
that CRL/(Q"")=0 and CRL"(Q"") < 0. The step-size, [CRL/(Q)/CRL"(Q)], in { 5.37}
should be bisected whenever CRL(Qs;1) fails to achieve an increase over CRL(Q; "), and the
search direction should be reversed when CRL"(Q5”") > 0.

5.3.3 Thelimit asthe shrinkage shape/curvature, Q, approaches — cc.

Note that CRL(Q) can aso be thought of as the cosine of the angle between the vector of
absolute principal correlations, [ |ry1l, Iry2l, -, Iryrl ], ad the following vector of powers of

eigenvalue ratios, [ 1, (Ao/A1)(1=@)/2 (Ag/A1)(1=Q)/2 ) (A/A1)(1=@)/27. This latter
vector clearly approaches|[ 1, 0, O, ..., 0] as Q approaches — co whenever A1>\» , i.e. when
the leading eigenvalue of the centered-regressor XX matrix is larger than al of the other

eigenvalues. Thus CRL(Q) approaches |ry1|/R as Q approaches — oo ; similarly, K™ - )\(1@—1)
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approaches[ 1 — rf,l 1/[N- r§1] while K" -)\j(Q_l) approaches +oo forj=2,3, ..., R. The

shrinkage factors most-likely-to-be-mse-optimal in this limit are thus 61" (— oc) =N/[ N —1
+ r;f ] and 65" (— c0) =63 (— 00) =..= 6R (— 00) =0, which is a point on the principal
components regression path, Massy(1965), that has a Marquardt(1970) fractional rank of less
than 1.

5.3.4 Large Sample Chi-Squared Tests of M SE-Optimality

A large sample y2 (Chi-Squared) test can be based upon the minimum value of the minus-twice-

log-likelihood-ratio, — 2-In(L** /L) = N-In[1+ % S(Q) ], where S(Q) is defined
asin{ 536} . The degrees-of-freedom used in this test would be (R — 1) if on€e's shrinkage
shape parameter, Q, had been selected without reference to the observed response data. But the
appropriate degrees-of-freedom would be (R — 2) if, instead, S(Q) has been minimized by
choice of Q. Whenever this 2 statistic is significantly greater than zero, statistical evidence
has been accumulated suggesting that the 2-parameter family is “too restrictive" to contain the
M SE-optimal values for the shrinkage factors.

5.4 Maximum Likelihood Methodsfor Mixed Linear Models

Statistical literature on the subject of mixed linear models (i.e. models containing both fixed and
random coefficients) has been growing for 40-50 years; several mgjor, new contributions to this
area have appeared within the last 25 years. Henderson(1950) introduced the mixed model
equations; his more recent fundamental contributions, Henderson(1975, 1984, 1990), include
BLUP theory. Rao(1971ab) introduced MINQUE and MIVQUE estimates of variance
components, Patterson and Thompson(1971) defined REML estimation; Searle(1971, 1979,
1988) unified the theory of mixed, linear models and variance components; Harville(1977,
1988, 1990) has provided maximum likelihood theory and algorithms as well as prediction
methodology; and Robinson(1990) has provided a highly readable BLUP review article. The
vast majority of technical details on normal-distribution-theory maximum-likelihood estimation
for mixed linear models will be postponed until Chapter 7 rather than being presented here in
Chapter 5. However, we will introduce sufficient material, here in Chapter 5, to establish afew
key parallels between the otherwise distinct maximum-likelihood approaches to fixed
coefficient and random coefficient models.

A mixed linear model can be written in the genera form:
y=X-pB+2Z-0+n {540}

where
Var(y) =V = Z-Var(8)-ZT +Var(n) {541}
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and the variance matrices, G=Var(#) and R=Var(n), are positive-definite matrices
(frequently of block-diagona form) that containing known or unknown parameters, generally
called “variance components.”

Now, the “unified" theory of mixed linear models tells us that the BLUE's and BLUP's are
solutions to the Henderson(1975, 1984) MIXED MODEL EQUATIONS

-

We can display closed form solutions to these equations under the assumption/pretense that the
G and R matrices are known matrices. Namely, the BLUEswould be

XTR-1x XTR-1z

ZIRIx ZTR1z+G! {542}

ZTR 1y

XTR_ly]

B = (XTv-Ix)"IxTv-ly, { 5.43}
= XT(R+zGZT)"IX] 'XxT(R+2GZT) 1y,
and the BLUPs would be
9 = GcZv1 [y _ XB] | { 5.44}
= (Z'R1z+G H 1[ZIR I - ZTIRIXWXT(R+Z2GZT) 1]y,
whereV=R+ZGZ"from{ 541} andW={ XT (R+ZGZT) 1 x}—1.

In his recent review article, Robinson(1991) stresses that Henderson's BLUP terminology is

“reasonable” in the sense that 6 of { 5.44 } isindeed a Linear and Unbiased estimator of the
random 6 vector of { 5.6 } that is Best in aminimum variance sense...but only when the G and R
matrices are formed using the UNKNOWN, TRUE vaues for al variance components! [By the

way, 9 istermed a Predictor (rather than an estimator) primarily because 6 is random rather than
afixed effect (unknown constant.)]

In redity, the variance components are frequently not only unknown but aso the primary focus
of one's attention in both estimation and statistical inference! Because numerical estimates for
variance components (derived from the data at hand) are inserted into { 5.43} and { 5.44 }, in

practical applications neither @ nor 9 is actually linear, neither B nor 6 is actually unbiased, and
neither 5 nor 6 is actually best in any minimum variance sense! In other words, BLUE and
BLUP terminology is truly “unfortunate”’ when applied to mixed model estimation.
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An interesting facet of mixed model estimation that isimplied by (but, perhaps, not immediately
obvious from) equations { 5.42 },{ 5.43} and { 5.44 } isthat BLUPs are forms of “shrinkage
estimators.” Thisanaogy is, perhaps, most obvious in the following specia case.

5.5 Completely Random M odelswith a
Single Variance Component

Golub, Heath and Wahba(1979) display a (random coefficient) maximum likelihood criterion
for picking the extent of shrinkage in ridge regression [their equation (5.3)] that I, at least, found
quite mysterious until | studied Shumway(1982). The mixed model considered by these authors
is “completely random"” in the sense that the X - 5 term of { 5.40 } contains only the (rank 1)
overall mean, 1. . Furthermore, the random 6 coefficient variation involves a “single"
(unknown) variance component, 092 .ThusVar(6) =G = 092 .D~! where D! representsthe
known disperson structure of the unknown 6 vector. In other words, al coefficients are
assumed to have known intercorrelations and known relative variances. The specia case of
uncorrelated, homoscedastic coefficientsisD = |I.

In exactly the same way that the non-constant columns of X are usualy “centered,” we suppose
now that the columns of Z have been made to sum to O by subtracting off column means. To
avoid complications unnecessary to this discussion, suppose that the centered Z matrix if of full
(column) rank, P, . Finaly, suppose that the n disturbance terms are uncorrelated and
homoscedastic; R = 02 - | , as in{ 2.2} ,where o2 isthe unknown error variance component.

5.5.1 Demonstration that BLUP estimates are
shrinkage estimatesin this case.

Under the above assumptions, X' R~ Z = 0in{ 5.42}, so that the matrix equations for m and ¢
“uncouple” as follows. The top equation in { 5.42 } reduces to 71 = 1Ty/1T1 =y, and the
bottom P, equationsyield:

0 = (Z'2+(0%02)-D) 12Ty, {545}
The second matrix expression in { 5.44 } is equivalent to { 5.45 } because ZT R~ X =0.
Notice also that, because the Z matrix has been centered, replacing the response vector y by (y
— 17y)in{ 545} would not change the 6 estimate.

Now note in equation { 5.45} that:

(i) the variance component ratio, 02/092 = ¢~2 , playstherole of the“k" (shrinkage-extent)
factor of { 3.9} and { 5.27 }, while
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(i) D playsthe role of the ( Z7Z )R matrix in equation { 3.9} for the “Q-shape" of equation
{5.27}.

In particular, D =1 in { 5.45 } yields the random-coefficient version of the (ordinary) ridge
regression shrinkage path [Q=0] of Hoerl and Kennard(1970). Therefore, we have established
that BLUP estimates are shrinkage estimates ...at least in the case of random coefficient models
with a single variance component. That more complicated forms of BLUP aso represent

shrinkage can be easily verified vianumerical computation.
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5.5.2 Random coefficient maximum likelihood choice of shrinkage extent.
The Normal-theory joint likelihood function for the responses, y , can be written in the form
L(6,02,02) = (2nV|) V2 e "2, {5.46)
where U2 is the quadratic form
W= (y —1.0)TV Iy - 1-p), {547}
andV = 02-ZD71ZT+02.1from{ 541} .

writing k=o0?/cZ and using well-known determinant and matrix-inverse identities
[ Rao(1973), pages 32 and 33 ], it follows that

2
ol opZ| _ oN 15T
D|- V| = = D+k1.ZTZ], 5.48
Dl VI ‘—UQZTD o I { }
and
vl =21 -6 2.2(2"2+k-D)" L ZT. { 5.49}

These expressions allow usto rewrite { 5.46} as

—2-In(L) = In(2r)+N-Ing? — In|D| — P, - Ink +In[ZTZ+kD| + /2 ,
{550}
where 2 =3(y; — p)? — yTZ(Z7Z2+k-D)~1ZTy. This minustwice-log-likelihood is
minimized, first, by taking 77 =y to minimize U2 for any given value of k. Then, exactly asin
equations{ 5.7} and { 5.8 }, the minimizing error variance component is52 = 32(k) =[>( Y]
~ V)2 — yTZ0(K)]/N for 9(k)=9 of {5.45}. Substituting these values into { 5.50}
yields an expression for the minus-twice-log-likelihood that is a function of k only :

—2-In(L) = In(2r)+N —In|D|+N-In82(k) —P,-Ink+In|ZTZ+k-D],
{551}
as in equation (18) of Shumway(1982). Numerical search over a lattice of aternative values
for k would then be used to locate the (approximate) minimum of { 5.51}.

Rather than base computations on this minus-two-log-likelihood expression, Golub, Heath and
Wahba(1979) suggest minimizing the equivalent criterion:

_ 1 )T -AK) YY)
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where A(K)=Z (ZTz+k-D)~! ZT. Note that the numerator of { 552} is simply N - 52(K)
andthat A(k) =1 — A by { 5.49}. Thusthe N-th root of the determinant can be rewritten
as|l — AK) |Y/N =1p2v-L}/N and this, in turn, is equivalent, by { 5.48 }, to the product of
terms [ DIt/ - kPz/N)D - k + ZTZ |1/ | whose negative logarithm is contained in { 5.51 }
when that expression is divided by N.
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